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ABSTRACT 

By demanding consistency of the Legendre transform construction of hyper- 
kahler metrics in projective superspace, we derive the expression for the Darboux 
coordinates on the hyperkahler manifold. We apply these results to study the 
Coulomb branch moduli space of 4D, M = 2 super- Yang-Mills theory (SYM) on 
IR 3 x S 1 , recovering the results by GMN. We also apply this method to study the 
electric corrections to the moduli space of 5D, M = 1 SYM on K 3 x T 2 and give 
the Darboux coordinates explicitly. 
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1 Introduction 



Since the work of Seiberg and Witten [1, 2], the structure of M = 2 theories in four dimensions 
has been extensively explored, leading to important insights into the dynamics of gauge 
theories. A recent area of progress in this field is the study of the Coulomb branch moduli 
space of M = 2 theories on M. 3 x S 1 , first analyzed in [3]. It has received renewed attention due 
its relation to the Kontsevich-Soibelman (KS) wall-crossing formula [4] for M = 2 theories 
in the work by Gaiotto, Moore, and Neitzke (GMN) [5]. As described by GMN, the KS 
formula ensures the continuity of the metric on the moduli space. Alternatively, demanding 
continuity of the metric provides a physical proof of the wall-crossing formula. The central 
idea in [5] was to find an efficient description of the moduli space metric and its corrections 
due to BPS instantons. Such a description was given in terms of the holomorphic Darboux 
coordinates (r) e , r) m ) by making crucial use of twistor techniques. One of the important results 
of their work is that the magnetic coordinate r] m is given in terms of the electric coordinate 
rj e (in the mutually local case) by 

One of the goals of this paper is to use the formalism of M = 2 Projective Superspace to 
present a simple derivation and generalization of this formula for any hyperkahler manifold 
described by 0(2p) multiplets. Our analysis is based on the projective Legendre transform, 
which dualizes the 0(2p) supermultiplet r\ e to an "arctic" supermultiplet T. We will see that 
r/m is the imaginary part of £z> _1 Y and is given by 

where / is the projective Lagrangian describing the manifold and Cq is a contour around 
the origin. Such expression can also be obtained from gluing conditions for the Darboux 
coordinates, as done in [6] (see [7] for a recent review and references therein). Our derivation, 
however, is based on requiring the consistency of the Legendre transform by imposing the 
condition that T is regular at £ = 0. The kernel in (1.2) is understood as a projector ensuring 
this consistency condition. 

In the specific case of the periodic Taub-NUT metric, by Poisson resummation of the usual 
projective Lagrangian describing it, we recover (1.1). A natural generalization of / to incor- 
porate mutually nonlocal corrections leads to the integral TBA equation. We then consider 
the doubly-periodic Taub-NUT metric, deriving an expression for the Darboux coordinates, 
which reduces to (1.1) in a particular limit. This metric was recently studied in [8] to describe 
the electric corrections to the moduli space of five-dimensional SYM on R 3 x T 2 . 

This paper is organized as follows: In Section 2, we review some basic elements of proj- 
ective superspace and then derive (1.2) by demanding consistency of the Legendre transform 
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construction of hyperkahler manifolds in Section 3. Then, we apply this result to the moduli 
space of M = 2 SYM on M 3 x S , recovering the results by GMN in Section 4. In Section 
5, we study the moduli space of M = 1 SYM on IR 3 x T 2 and conclude in Section 6 with a 
summary and discussion of open problems. 



2 Preliminaries 

In this section, we review some elements of M = 2 projective superspace [9] and the construc- 
tion of hyperkahler metrics [10]. A recent review of essential aspects of the relation between 
projective superspace and hyperkahler manifolds can be found in [11]. 



2.1 Projective Superspace 

The algebra of d — 4, J\f — 2 supercovariant derivatives is 

{D ia , Djp} = , {Di ai D^} = i 5{d a$ , (2.1) 

where i,j = 1,2 are SU(2)r indices and a, a are spinor indices. Projective superspace is 
defined as the Abelian subspace parametrized by a coordinate £ G CP 1 and spanned by the 
combinations 

V a (C) = D 2a + (D la , Vd(C) = £>l- 01 , (2.2) 

where D\ a and D\ are M = 1 derivatives and Z^a and D\ are the generators of the extra 
supersymmetry. These combinations satisfy 

{V„, V^} = {V a , v» = . (2.3) 
Projective superfields are then defined to satisfy the constraints: 

v Q r = vvr = o. (2.4) 

There are several types of projective supermultiplets, characterized by their (^-dependence. 
We shall mainly focus on two: real 0(2p) and (ant)arctic supermultiplets. The first class 
of multiplets are polynomial in (, with its powers ranging from — p to p, and real under the 
bar conjugation (complex conjugation composed with the antipodal map: £ — > — 1/C)- in 
particular, the 0(2) multiplet is defined by 

Ve = £ + 0e ~ a( . (2.5) 

It follows from (2.4) that a and 6 e are M — 1 chiral and real linear superfields, respectively. 
The second class of multiplets are arctic and antarctic superfields, which are defined to be 
analytic around the north pole (£ = 0) and south pole (( = oo), respectively, i.e., 



oo oo , n. n 
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From (2.4), it follows that only the two lowest components of the arctic superfield are cons- 
trained M = 1 superfields (chiral and complex linear, respectively), while the remaining 
(infinite) components are auxiliary (unconstrained) complex superfields. 



2.2 Hyperkahler Manifolds 

Here we review the construction of hyperkahler metrics in projective superspace [10, 11, 12, 
13]. Given an arbitrary analytic function f(r) e ](), one defines the function 

F(a,a,9 e )= £^/( ?7e ;C), (2.7) 

where C is an appropriately chosen contour, which typically depends on the choice of / 
(referred to as the projective Lagrangian henceforth). The Legendre transform of F serves 
as the Kahler potential K for a hyperkahler manifold, i.e., 

K(a, a,v + i>)= F(a, a, 9 e ) -(v + v)6 e: F 9e = v + v , (2.8) 

where v is an M = 1 chiral superfield. Note that Kahler metrics described in this way 
automatically have an isometry, associated to shifts of lm(v). The resulting metric is of the 
Gibbons-Hawking form 

ds 2 = —^—(d9 m + A) 2 + V(x)dx ■ dx , (2.9) 
V(x) 

where a = x 1 + ix 2 , 9 e = x 3 and dV = *dA, with 

v-l-V*!, A = il^(L da+Cds )p_ (2 . 10) 

An important class of metrics are Ajv-i ALE metrics and can be described in this way by 
taking 

f(Ve) = ^2 ~ Vk) log (Ve ~ Vk) , (2.11) 

k 

where 77^ are constant 0(2) multiplets simply giving the position x^ of N mass points. For 
this Lagrangian, the contour in (2.7) is an 8-shaped contour C enclosing the two roots of 
Ve — Vk — 0. Indeed, using (2.11) in (2.10) gives the harmonic function 

V = T <( A7^— = 2Yt^-^ (2-12) 
^ Jc 2ttiC 7] e - i] k ^ \x - x k \ 

and the corresponding A. Taking an infinite superposition of mass points along 9 e , i.e., 
taking 77^ = k and N — > 00, the metric becomes periodic along this direction 1 . This metric 



1 Strictly speaking, V is logarithmically divergent and must be properly regularized. It should be under- 
stood that this has been done in what follows. 
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(commonly referred to as the Ooguri-Vafa metric) was discussed by Ooguri and Vafa in [14] 
and Seiberg and Shenker in [15]. Following the terminology of [16], we will refer to it as the 
periodic Taub-NUT (PTN) metric. We will refer to a PTN metric which is periodic along 
two directions as the doubly-periodic Taub-NUT (dPTN) metric. 

A hyperkahler manifold has three Kahler forms co^ 2 '°\ u/ 1,1 ) and u/°' 2 \ which can be con- 
veniently organized into 

zo = u^+u^C-u^C 2 . (2.13) 
This combination can be further written as: 



w = < dr) e A drj m , (2.14) 



with 



dr] e = — + d6 e — C,da , dr] m = d9 m + iA + ^- (^da + (da*j . (2-15) 

Since the symplectic form w takes the canonical form in (2.14), the set (rj e ,r) m ) are referred 
to as Darboux coordinates. The main purpose of the coming sections is to find an explicit 
expression for r\ m in terms of f(r) e ; £). 



2.3 Duality and Symplectic Form 

One can alternatively describe these hyperkahler manifolds in terms of an arctic superfield T, 
rather than in terms of an 0(2), by a duality relating these two multiplets [13, 17]. In terms 
of M = 1 components, this is based on the Legendre transform (2.8) exchanging a real linear 
superfield by a chiral superfield. It is similarly described in terms of projective superfields 
as follows: One relaxes the condition of rj e being an 0(2) multiplet, imposing this through a 
Lagrange multiplier T + T. Integrating out T leads to the original description in terms of 
r) e , while integrating out t] e leads to a dual description in terms of T. That is, one defines 

/(T + T; C) = f(Ve, - (T + T) Ve , (2.16) 
with the standard Legendre transform relations 

df - df 

^ = T + T, ^ = -„«. (2.17) 

The main advantage of this setup (for our purposes) is that one can define a holomorphic 
symplectic two-form [11] that captures the essential aspects of the hyperkahler geometry (see 
also [18] for related results). This is based on the observation that arctic superfields have 
infinitely many unconstrained M = 1 fields Tj, for i > 2, which must be integrated out. 
These equations of motion imply that 

f ~ C lf = ~ CVe (2 ' 18) 
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is also an arctic superfield. Thus, one can define a 2-form w by 

w = dT A dT = co^ 0) + u^C - ou^( 2 . (2.19) 

In other words, T and T are (by construction) Darboux coordinates for the holomorphic 
symplectic form w. Note that they are regular at £ = 0, while (T, T) are regular at £ = oo, 
and 

w = —C^w = —C^dT A dT. (2.20) 

Thus, up to the twisting factor ( 2 , there is a symplectomorphism relating north pole and 
south pole coordinates and the generating function is precisely /(T + Y), giving a geometric 
interpretation to the M = 2 projective Lagrangian. 



3 Darboux Coordinates 

As seen in Section 2.3, the projective Legendre transform provides an expression for a set of 
Darboux coordinates, namely (T, T). The coordinate T is given by (2.18) whereas only the 
real part (under bar conjugation) of T is determined by (2.17), i.e. 

1 df 

T = -— + i Vm , (3.1) 

where we have introduced r] m = fj m as the (undetermined) imaginary part of T. The crucial 
observation [19] is that T is actually completely determined by a consistency requirement on 
the whole construction. Recall that the constraint of r] e being an 0(2) multiplet was imposed 
through a Lagrange multiplier, assuming that T was an arctic superfield. However, the first 
term on the r.h.s. of (3.1) contains negative powers of ( and therefore, the consistency 
requirement is that these should be canceled by r] m . This 7] m is precisely the magnetic 
coordinate we are after, since we find from (2.18) and (3.1) that 

w = dT A dT = i( dr] e A dr\ m (3.2) 

coincides with (2.14). To determine r) m , we introduce the antarctic projector 

iTv^/^-^-, n^iTv, 11^ = 0, (3.3) 

where Co is a closed contour around the origin (see Appendix A). This projector annihilates 
the non-negative powers of £. Thus, the consistency requirement is simply 

ITvr = . (3.4) 
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It is easy to see that 

Vm = m + (iU N - i^Nj 2 q^- > (3-5) 

with m = 6 m , solves the consistency condition 2 . We can rewrite (3.5) in a more familiar 
form. From (3.3), we see that the projectors combine into 

and hence 

if d(' t + C df 
^^ em + 2t^K'—'W/ (37) 

recovering the expression obtained in [6]. The derivation of this expression, by ensuring and 
making manifest that T is arctic, is one of the main results of this paper. This condition 
is enforced by the projector (£ + C')(C ~~ C') _1 an d w iU be extended below to include 0(2p) 
multiplets. 

We can easily check that from (3.7) we recover the expression (2.15) for Gibbons-Hawking 
metrics. Acting with d on rj m , we have 



if dC C + C 9 f 
dr] m = dO m + - <p 77—777 77777^(^6- dr) e ) 



2 J Co 2mC ( - C drj 



d9 - + ll&\{h^ da+ic+0d ~ a . 



'Co 

= d6 m + iA+ % -^- (^da + (da^ . (3.8) 

In the first line, we have added a term proportional to drj e , which gives no contribution to 
the symplectic form (3.2). In the last line, we have used the definitions (2.10), assuming that 
the contour giving the Kahler potential is Cq. 

Although the derivation of (3.7) requires a contour enclosing only a singularity at the 
origin, note that choosing the contour to be the one defining the Kahler potential gives the 
correct symplectic form. This expression provides a systematic way of constructing Darboux 
coordinates for any hyperkahler manifold described by an 0(2) multiplet r] e and projective 
Lagrangian /. We will use this in the following sections to describe instanton corrections to 
moduli spaces of SYM theories. 



^Indeed, from (3.1), (3.5), and using the properties in (3.3), we see that 



2 drje 



-ilLv r 
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Semiflat Geometry and the c-map 3 

It is clear from (3.7) that, unlike r] e , the magnetic coordinate 7] m will not be an 0(2) in 
general, this depending on the singularity structure of f(r) e ](). A special case however is 
when the rigid c-map [20, 21, 22] (see Appendix B) can be applied. According to the c-map, 

f sf (Ve, C) = - (^f^ - T ) C 2 ) , (3.9) 

where F(W) is the M = 2 holomorphic prepotential. The c-map gives the contribution from 
naive dimensional reduction, without taking into account the effect of BPS particles. Thus, 
one expects r\ m to be given by an 0(2). However, by the direct substitution of (3.9) in (3.7), 
we see that this is not the case. This is resolved by recalling that the Darboux coordinates 
are defined up to terms that vanish in the symplectic form. In fact, we can add such a term 
to the definition of r\ m that does lead to an 0(2), namely 

H£+'(*-K?-*)) 



i V s J. (3.11) 



c 

From the fact that J^'iCVe) — -^'{cl + 6 e ( — aC, 2 ) is regular at the origin, the condition that T 
in (3.11) is arctic is simply solved by 

rti = ^ + B m -P(a)C. (3.12) 

Therefore, naive electric-magnetic duality a — > Op = J 7 ' (a) holds. In general, dyonic multi- 
plets have the form r]tf = + 6 1 — Z 7 ( , where the central charge is Z 7 = n e a + n m a£> with 
n e and n m being the electric and magnetic charges, respectively. Once BPS instanton correc- 
tions are included, the magnetic coordinate is no longer an 0(2) since the total Lagrangian 
is 

f = f sf + f ns \ 

where f mst is not of the form (3.9). Thus, the full magnetic coordinate is given in general by 

,/ , * 1 <K' c+c'dr* 



where rj^[ is given by (3.12). 



Generalization to 0(2p) Multiplets 

Our construction so far includes only hyperkahler manifolds described by 0(2) multiplets, 
but it can be easily extended to the case of 0(2p) multiplets by a generalization of the 

3 This section is based on [19]. 
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Legendre transform relating T to an 0(2p) multiplet rj e [17] . Additional factors of ( have 
to be introduced in the Legendre transform to impose the corresponding constraint on rj e , 
namely 

/ = / - (C P-1 T + (-C)~ (p - 1} t) Ve (3.14) 

with the relations 

df_ = CP _x T + ( _ c) -(p-D f f = C ?L = _ C P Ve (315) 
orje oT 



Thus, we now have 



1 Bf 



and the symplectic form is still given by 

w = dT A dT = i( drj e A drj m . 

The magnetic coordinate r] m will again be determined by the requirement that the resulting 
superfield T is arctic. From (3.15) it follows that J^- contains powers ( n with \n\ > (p — 1) 
only. Thus, r\ m in (3.16) is required to cancel the powers ( n with n < —(p — 1) of J^- and 
we cannot add a ^-independent term, contrary to the 0(2) case. Using the corresponding 
projectors, we then find 



i i dC 

Vrn 



2j Co 2m(>(-(i 



The corresponding semiflat contribution can be determined using the c-map prescription for 
0(2p) multiplets given in [21]. 

A metric which is described, for example, by an 0(4) multiplet is the Atiyah-Hitchin 
metric, characterizing the moduli space of two monopoles and the moduli space of three- 
dimensional SYM. It would be interesting to compare (3.17) to the Darboux coordinates 
given in [23]. In the remainder of the paper, we will restrict ourselves to 0(2) multiplets and 
apply our results to the study of moduli spaces of pure SYM theories with eight supercharges 
in d = 4 and d — 5. 



4 AT = 2 SYM on JR 3 x 

In this section, we apply our construction to the study of the Coulomb branch of pure 
Af = 2 SYM with gauge group SU(2), first analyzed in [3]. The bosonic content of the 
four-dimensional theory consists of a complex scalar field a and a gauge field A M . Upon 
dimensional reduction on a circle S l of radius R (which we set to 1 in this section), the 
gauge field decomposes as — > (Aj,Ai), giving a three-dimensional photon and a real 
scalar field. Since in three dimensions the photon itself is dual to a scalar field, the moduli 
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space of super symmetric vacua is four-dimensional. Furthermore, due to the amount of 
supersymmetry it is hyperkahler. It can be parameterized by the vev of the vector multiplet 
scalar field, a, in addition to the gauge-invariant electric and magnetic Wilson loops 4 

e = ^-4 ^4, B m = Yf A da- (4.1) 

Naive dimensional reduction of the 4D SYM action results in a 3D sigma model with a target 
space metric of Gibbons- Hawking form, specified by the "semiflat" potential V s f = Imr, 
where r is the usual complexified 4D gauge coupling. However, the BPS particles from 
the four-dimensional theory can wrap the compactification circle S 1 , generating instanton 
corrections to the semiflat metric in the compactified theory, which we discuss next. 



4.1 Mutually Local Corrections 

Following [5], we begin by assuming that all the BPS particles are mutually local and choose 
a duality frame in which there are no magnetically charged particles. This leads to a shift 
isometry in 9 m and therefore the space is naturally described by the 0(2) multiplet 

Ve = £ + Oe - a( . (4.2) 

Integrating out a hypermultiplet of electric charge q (which we set to 1 here) leads to a 
Taub-NUT metric. Summing over the infinite tower of Kaluza-Klein momenta k along the 
S 1 turns it into the periodic Taub-NUT metric described in Section 2.2. Thus, the projective 
Lagrangian is given by 

oo 

f(Ve)= Yl (Ve-k)\og( Ve -k). (4.3) 

k=— oo 

Recall that here each term in the Lagrangian is to be integrated along an 8-figure contour 
around the roots of rj e — k = 0. To isolate instanton contributions, we perform a Poisson 
resummation, yielding 5 

/ = /•/ + /*-* : 

f sf = -i (v! log (^) - Vl log (3) ) , (4.4) 
finst = is J2 \e m ^d(s) + isJ2 \e in ^6(-s) , (4.5) 

n>0 n n<0 n 



4 We have normalized the angular variables Q e . m to have period 1. 
5 Poisson resummation works as follows: 



n— — oo k— — 

In (4.5) we have omitted the divergent n = term 



o° oo poo 

E /(»»)= E /(*)' /(*)= / dxe~^ k *f(x). 

— „ 1 J —oo 
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where A is the UV cutoff and s = sign [Im (r/ e )]. The semiffat Lagrangian f s f has been 
included using the c-map prescription described previously, with the 1-loop prepotential 
jT(W) ~ W 2 \ogW 2 . The full magnetic coordinate is then given by (3.13). Note that since 
the Heaviside functions 0(±s) in f mst contain (, they restrict the integration contour. Using 
the identity 



Im(r /e ) = (l + |C| 2 )Im^J , (4.6) 

we see that 0(±s) imposes the BPS ray condition 6 /± = jc : s ig n im (|J = ^^l' ^ ea ^ n S 
to 

/ f inst (Ve) = i [ Li 2 ( e «*) -if Li 2 (e-^) , (4.7) 

JCo Jl+ Jl- 

where we have used the series expansion for Li2(x) = Y2^=i S"- Substituting (4.7) in (3.13) 
finally gives 

where rj^ is given by (3.12). Thus, we have recovered GMN's result for the mutually local 
case. We now discuss the mutually nonlocal case. 



4.2 Mutually Nonlocal Corrections 

Inspired by the analytic and asymptotic properties of (4.8), an integral equation (of the form 
of a TBA equation) for the Darboux coordinates in the mutually nonlocal case was derived 
in [5]. The natural proposal to include dyonic multiplets is that each BPS particle of charge 
7 contributes independently to the projective instanton Lagrangian, with a weight given by 
the multiplicity of each state 0(7'; u), i.e., 

r st = t^(l';u)U 2 (a( 1 ')e^') (4.9) 

i 

Here 7 = (n e ,n m ) is a vector in the two-dimensional charge lattice with the antisymmetric 
product (7,7') = n e n' m -n' e n m , (7(7) = (— l) ne nm , r) y = n e r] e +n m r] m , and s 7 = sign Im 
that defines the BPS ray / 7 . From (3.13), it is natural to write the following integral equation 
for the dyonic coordinate 



/+ 2&'^ Co K^' (410) 



6 Our conventions in the definition of rj e differ by a factor i with those of GMN, and so does the definition 
of the BPS rays. 
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Inserting (4.9) above leads to 



rh = Vy+^^2 ^(Y; u ) (Y, 7) 



7' 



/■ < c + c 
L 2tuc c - c 




) 



(4.11) 



corresponding to the TBA equation that determines the exact moduli space metric. Note 
that the Darboux coordinates played the central role in the analysis by GMN, being in some 
sense the fundamental objects. In the current setting, the fundamental object (which behaves 
additively and contains all the geometric information) is the projective Lagrangian /. The 
Darboux coordinates are determined by it through the integral equation (4.10). 



Minimally supersymmetric Yang-Mills in five dimensions has an interesting BPS spectrum, 
containing not only electrically charged particles, but also magnetically charged strings and 
dyonic instantons [24]. Since the theory is non-renormalizable by power-counting it should be 
viewed as a field theory with a cutoff. In this sense, one can still ask what are the quantum 
corrections to the moduli space. This was first studied in [25], where the exact Coulomb 
branch metric was determined. More recently, the compactification of this theory on T 2 was 
studied in [8], giving an important first step in analyzing the Coulomb branch metric of the 
compactified theory. Since dimensional reduction of this theory to four dimensions leads to 
the theory discussed in the previous section, compactification of the five-dimensional theory 
on T 2 gives a (two-parameter) generalization of the moduli space studied above. 

The bosonic content of this theory consists of a real scalar a and the gauge field Ap. 
Upon dimensional reduction to three dimensions, the gauge field reduces according to — > 
(Ai, A4, A 5 ), leading again to a four- dimensional moduli space. The two electric coordinates 
(fXjtpi and the "magnetic" coordinate A are defined by 



where B/xo is the (2-form) dual of the photon A p. Under large gauge transformations, these 
variables are periodic and parameterize a torus T 2 . Due to the electric particles running 
around these two compactified dimensions, the Coulomb branch metric inherits the modular 
properties of the torus and has an isometry in A. A full analysis of the moduli space must 
include the effect of dyonic instantons, as well as the mutually nonlocal effect of magnetic 
strings wrapping the whole T 2 , which will break the isometry in A. In this paper, we focus 
only on the projective description of the electric corrections to the moduli space metric, 
hoping that this will help in incorporating the effect of magnetic strings as well. 



5 M = 1 SYM on JR 3 x T 2 
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5.1 Electric Corrections 



Here we apply the methods of Section 3 to find the corrections to r] mj due to electric particles 
running along the two compact directions. It is clear that the metric in this case is simply 
the dPTN metric. For simplicity, we discuss first the projective description of this metric in 
the case of a rectangular torus and then for a generic torus with complex structure r. 



Rectangular Torus 

Consider a rectangular torus with radii Ri,R 2 and complex structure r = We define 

the doubly periodic 0{2) multiplet by 

le 2R 2 ( R Y 2R 2 ^ 1 ' 

With this definition, the projective Lagrangian / for the dPTN metric has the form (2.11) 
with 

^ = R~ kl + 2~R {? + y k2 ~ aikl + fl2 ^ 2 ' 
For convenience, rather than concentrating on the calculation of /, in this section we will 
focus on the Gibbons-Hawking potential V, given by 

^ = W— - • (5-4) 

Jc 2m( rj e -a ± ki- a 2 k 2 

k 

As before, C is an 8— shaped contour enclosing the poles of the integrand for each k, leading 
to a doubly periodic Gibbons-Hawking potential. This potential is linearly divergent and as 
in the PTN case should be understood to be properly regularized. We now perform a double 
Poisson resummation. Resumming over k\ first gives 

v = V® + , 

y (°) = -rA ^r-Yl lo § " a ^ + c - a > ( 5 - 5 ) 

J Co m ^ k2 

V {1) = -%R X I Y V e miRl ^- a2k2) s 6 (n lS ) , (5.6) 

hi ni^O 



Co 27r < 



where s = sign [lm(r] e - a 2 k 2 )}. Here V<® is a superposition of shifted semiflat potentials of 
Section 4. We now show that it leads to the effective gauge coupling l/g 4 (a) 2 due to the 
dimensional reduction from 5D to 4D [26], and it reduces (after Poisson resummation) to the 
semiflat potential in the R 2 — > limit. Performing the integral around the origin in (5.5) 
gives 

V<°> = -R x Y log ( ° B * + i (<P*-k2) \ + c c =Ri y 1 -(* 2 |n 2CT |-^ 2 ) (5 7) 
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where we performed a Poisson resummation for the second equality. This in fact matches 
the result in [26] (see also [8]). In the four- dimensional limit, 

y (0) V ff = Rl (i og a + i og a) , (5.8) 

where a = aR ^+ 1 ^ 2 ; which coincides with the potential derived from (4.4). The contribution 
to the magnetic coordinate is given by 

rff = ^ + ~P(fiK, Ha) = ^[U 3 (e^)6(-a) + U 3 (e~^)e(a)] , (5.9) 

where we have integrated (5.7) twice with respect to a to determine J 7 (a). 

Now we turn to which in the R 2 — > limit reduces to the instanton corrections in the 
four- dimensional theory. The contour in (5.6) splits into two rays l±, and integration along 
these rays ensures that the limit R 2 is well defined. In fact, in this limit the sum over 
k 2 is localized at k 2 = 0, i.e., 



V 



(1) v ^st = _ iRi I J2 e ^RiVe s q (nis) ; ( 510) 

J Co 2VT^C 



C ° 3 ni^O 



which is the Gibbons-Hawking potential one would get from (4.5). (One should rescale 
a —7- Ri a in the four- dimensional case for comparison.) 



For finite R 2 , Poisson resumming (5.6) leads to 



7 



/„ /.TTit < • n n n, — n.rin 



c 27r< ^-f. a 2 ni - ain 2 



Note that after the double Poisson resummation, the contour in (5.11) remains a closed 
contour, enclosing only the essential singularity at the origin (and not the simple poles). By 
residue integration, we find 



y{l) _ d d y e i(myi+n2y2)-k|ynfflf+n|Rj /g ^\ 

' /„2 p2 T „2 d2 V ' 7 

ni ^0 V n l K l + n 2-^2 

H2£ ~ 



Combining the two contributions, we have 



V = + = -R1-R9 Y^ i(n 1 ip 1 +n 2 ip 2 )-\a\ y /n 2 R 2 +n 2 R 2 /r iq\ 

^ /^2d2 T „2 d2 ' V • 7 

ifc** V n l^l + n 2^2 



Here we have dropped a term in the exponent 

because we choose the contour enclosing the origin along which lm(r] e ) = ±e. In the limit e — > this term 
does not contribute to the integral, which becomes simply an integral around the origin. 
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which matches the expression for U\_i oov in [8]. Integrating twice with respect to rj e (and 
dropping a possible linear term, which does not contribute to r) m ) , we find 

f a ' = E^r^ t^- < 5 - 14 > 

n{ [n 2 ai - nia 2 ) 

As explained in [8], the corrections due to /W to the Coulomb branch metric should coincide 
with the corrections to the hypermultiplet moduli space due to Dl instantons in type IIB 
theory. Indeed, we find that the projective Lagrangian /W matches with that given in [27]. 
Now, putting all the elements together, the magnetic coordinate for the dPTN metric finally 
reads 



2 J c 2vr<' C - C die 

In summary, the magnetic coordinate contains two parts: the rjm part from the naive 5D to 
4D reduction, which becomes rfj^ in the 4D limit, and the remaining part, which reduces to 

^inst 



Generic Torus 

To consider a generic torus with complex structure r, we perform a modular transformation 
from the rectangular case. Under the SL(2, Z) symmetry group of the torus, the complex 
structure r = t\ + ir 2 and the coordinates transform as 

(£)-(::)(£)• (516) 

with ad — be = 1. The electric coordinate for a generic torus then becomes 8 

*=£(* + #0 +ie ^-K'-#") f - (517) 

Here we also rescaled the ip^s by the volume V of the torus. The Gibbons-Hawking potential 
is now given by (5.4) with 



1 1 

«i = i= — , a 2 



■ 1 ( 1 > 



a/Vt 2 v 7 "^ 
Upon Poisson resummation and contour integration, we find 



(5.18) 



'n l rPgij 



8 For a generic torus with complex structure t = n + iT2, we perform the SX(2,Z) transformation </? 
M T ip, where M is given by 

1 ( T2 Tl 



M 

\ 1 

The metric transforms according to g — > {M~ x ) T gM~ x , leading to (5.20). 
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with the metric g on the torus given by 

9 " = l ( -n \r} ) ■ (5 ' 20) 

Finally, the magnetic coordinate is still given by (5.15), with the new definitions (5.17), 
(5.18), and the replacement 2a — > (a + iy^ip 2 ) in r$ . 



5.2 Dyonic Instanton Corrections 

Dyonic instantons are particle-like objects which are the uplift of four-dimensional instantons 
to five dimensions. Due to the Chern-Simons term 

AAFAF, (5.21) 



24tt 2 

they become electrically charged. Their central charge is given by 

\fij 

Zj = Ka\rij\ H — — , (5.22) 

#5,0 

where g 5j0 is the five- dimensional gauge coupling and rij is the four-dimensional instanton 
number. Since these particles are electrically charged, they contribute corrections to the 
metric preserving the isometry. Hence, their effect is incorporated easily by replacing a — > 
a + Zi in the definition of the 0(2) multiplet. 

A more interesting contribution to the metric will come from magnetic corrections. These 
are now given by magnetic strings and incorporating their effect will be studied elsewhere. 



6 Summary and Outlook 

We have derived the expression for a set of Darboux coordinates on a hyperkahler mani- 
fold, parameterized by 0(2p) projective superfields. Our derivation relies on the projective 
Legendre transform construction of such manifolds and can be understood as enforcing a 
consistency condition. The application of our results to the PTN metric leads to the expres- 
sion for the magnetic coordinate derived by GMN, describing the mutually local corrections 
to the moduli space metric of M = 2 SYM on M 3 x S 1 . Mutually nonlocal corrections can 
also be incorporated into the projective Lagrangian, leading to the TBA equation studied by 
GMN. 

We also applied this method to the study of electric corrections to the moduli space 
of five-dimensional SYM compactified on T 2 , providing a projective superspace description 
of the metric discussed in [8] and the corresponding Darboux coordinates. There are two 
contributions: an 0(2) part determined by the five-dimensional perturbative prepotential, 
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which reduces to the semiflat part in the 4D limit; and the corrections due to electric particles, 
which reduce to the instanton corrections of the 4D theory. 

There are several open questions which could be addressed within this formalism. For 
example, it could shed new light on the three-dimensional limit of GMN (recently analyzed 
in [28]), corresponding to the Atiyah-Hitchin metric. Regarding the five- dimensional theory, 
corrections due to magnetic strings could be incorporated in a form analogous to what was 
done in (4.9) for the four-dimensional case, leading to an integral equation for the Darboux 
coordinates. 

Apart from the Darboux coordinates, another important geometrical object is the hyper- 
holomorphic connection (see for example [29]) and it would be interesting to investigate its 
description using the T -H- rj duality 9 . Finally, it would be quite interesting if this frame- 
work could yield any information about the six-dimensional SYM theory compactified on T 3 , 
whose exact moduli space is K3. 
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A Projectors 

Here we give some details on the Antarctic (II jv) and Arctic (IIr) projectors. They are 
defined by 

n K ^i * (A,) 



where Cq is a closed contour enclosing the origin. Consider the Laurent expansion around 
C = of the function /(£) = Ylm=-oo c mC m - Applying the projector Tl N , we will need to 
calculate 

dC C' m 



3 The authors wish to thank Greg Moore for this suggestion. 
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Since there's a pole at (' = (, we avoid the singularity by moving the pole slightly outwards 
in the radial direction. This can be achieved by introducing the e— prescription 

f d(' C m 

f Co 2riC-C' + e(C + C)' 
If m > 0, there are no singularities enclosed by the contour and the integral vanishes. If 
m < the residue is simply ( m . Thus, only negative powers survive: 

dC C' m f ifm>0 



Co 2m(-C U m ifm<0 ' 
or 

dC /(f) _ f - C-m (A2) 

Using the same e— prescription as above, the action of IT^ on / (£) is given by 

dC /(CO ^ 



c m C ■ (A.3) 

°0 s s m=0 

Thus, IIjv + II/j = 1 as expected. In addition to these, we can construct other projectors 
by using appropriate powers of (/('. An example of that is 11^, which annihilates the non- 
positive powers of C- Thus the combinations IIjv ± 11^, annihilate only the C-independent 
term. 



B c-map 



The c-map [20] relates classical hypermultiplet moduli spaces in compactifications of type II 
strings on a Calabi-Yau threefold to vector multiplet moduli spaces via a further compact- 
ification on a circle. In [21, 22], it was shown that the c-map has a natural description in 
projective superspace. It can be regarded as taking a vector multiplet from four to three di- 
mensions and reinterpreting it as a tensor multiplet when returning to four dimensions. This 
is possible because in three-dimensions, a vector multiplet is equivalent to a tensor multiplet, 
which can then be dualized into a hypermultiplet in four dimensions. 

This means that given an M = 2 holomorphic prepotential J 7 (W) describing a vector 
multiplet: 

£„ = — Im 



d l Bd l ®J= (W) 



(B.l) 



there is a corresponding dual projective hypermultiplet Lagrangian Q describing a hyperkahler 
moduli space given by 



d z 6d 2 9 



d( 



— i 



2tt< 

dVe 1 d( 



•^(07, 



^ -Im 



2tuC 



C 2 



2tt< 

-T(Cvej( 2 



(B.2) 



This expression determines the semiflat projective Lagrangian f s -> in (3.9). 
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